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ABSTRACT

Although a kinematic framework for diagnosing frontogenesis exists in the form of the Petterssen fron-
togenesis function and its vector generalization, a similar framework for diagnosing airstream boundaries
(e.g., drylines, lee troughs) has not been constructed. This paper presents such a framework, beginning with
a kinematic expression for the rate of change of the separation vector between two adjacent air parcels. The
maximum growth rate of the separation vector is called the instantaneous dilatation rate and its orientation
is called the axis of dilatation. Similarly, a maximum decay rate is called the instantaneous contraction rate
and its orientation is called the axis of contraction. These expressions are related to the vector frontogenesis
function, in that the growth rate of the separation vector corresponds with the scalar frontogenesis function,
and the rotation rate of the separation vector corresponds with the rotational component of the vector
frontogenesis function.

Because vorticity can rotate air-parcel pairs out of regions of deformation, the instantaneous dilatation
and contraction rates and axes may not be appropriate diagnostics of airstream boundaries for fluid flows
in general. Rather, the growth rate and orientation of an airstream boundary may correspond better to the
so-called asymptotic contraction rate and the asymptotic axis of dilatation, respectively. Expressions for the
asymptotic dilatation and contraction rates, as well as their orientations, the asymptotic dilatation and
contraction axes, are derived. The asymptotic dilatation rate is related to the Lyapunov exponent for the
flow. In addition, a fluid-trapping diagnostic is derived to distinguish among adjacent parcels being pulled
apart, being pushed together, or trapped in an eddy. Finally, these diagnostics are applied to simple,
idealized, steady-state flows and a nonsteady idealized vortex in nondivergent, diffluent flow to show their

utility for determining the character of air-parcel trajectories and airstream boundaries.

1. Introduction

Interesting weather in the atmosphere often occurs
along boundaries between different air masses. Fronts
are one example of such boundaries, as flows with con-
vergence and deformation concentrate isotherms at the
edges of air masses. In conjunction with this frontoge-
nesis, secondary horizontal and vertical ageostrophic
circulations result to restore thermal-wind balance, as
per geostrophic and semigeostrophic theory. Other ex-
amples of boundaries include drylines, lee troughs, and
baroclinic troughs (Sanders 1999), features that are fun-
damentally characterized by abrupt changes in wind
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speed and direction, but, unlike fronts, are not neces-
sarily associated with, or characterized by, temperature
gradients [see the discussion in section 2b of Cohen and
Kreitzberg (1997) and in section 4 of Sanders (1999)].
We term these features airstream boundaries because
airstreams having different origins are brought closer
together to form boundaries in the flow.

A kinematic framework to diagnose frontogenesis in
a Lagrangian sense (following air parcels) has a long
history (e.g., Petterssen 1936; Miller 1948; Keyser et al.
1988; Keyser 1999). In contrast, whereas frameworks to
study the coherence of airstreams have been developed
(e.g., Carlson 1980; Browning 1986, 1990; Wernli and
Davies 1997; Wernli 1997), quantitative approaches to
diagnose the boundaries between airstreams have not
been as extensively studied. One approach is that of
Cohen and Kreitzberg (1997). They define the average
contraction rate C as the time-averaged rate at which
the three-dimensional distance between two adjacent
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air-parcel changes over some previous finite time pe-
riod ¢ ending at r = O:

1 r(t)

kol
where r(7) is the distance between the two parcels at
time ¢. Cohen and Kreitzberg (1997) calculate C by
computing air-parcel trajectories from mesoscale model
output over the entire model domain back in time 12 h.
The distances between adjacent trajectories at their ori-
gins, r(—12 h), and their final locations, r(0), can then
be used to calculate C as expressed in (1). As shown in
Cohen and Kreitzberg (1997), regions of large positive
12-h average contraction rate are associated with air-
stream boundaries in a rapidly developing midlatitude
cyclone. Thus, the average contraction rate can be used
as a quantitative measure of the strength of an air-
stream boundary.

Such a diagnosis of average contraction rates, how-
ever, requires computing fluid-parcel trajectories, a
computationally expensive process requiring special-
ized code. In addition, high temporal and spatial reso-
lution may be needed, especially for diagnosing small-
scale features. If, however, a kinematic expression for
the contraction rate were possible, the development of
airstream boundaries could be assessed without the
temporal history needed to compute airstream bound-
aries using the approach of Cohen and Kreitzberg
(1997).

The purpose of this paper is to develop an expression
for the contraction rate using fundamental kinematic
quantities. In section 2, expressions are derived for the
instantaneous dilatation and contraction rates. These
kinematic expressions are the maximum and minimum
rates of change of the distance between two adjacent air
parcels, respectively, and the instantaneous contraction
rate is the instantaneous analog to the time-averaged
contraction rate C. In addition, the instantaneous con-
traction rate is related to the expression for accumula-
tion (Saucier 1955, section 10.39) and the frontogenesis
function (Petterssen 1936; Keyser et al. 1988). The axis
of dilatation represents the direction of maximum
stretching of fluid parcels by the deformation in the
flow. When vorticity is present in the flow, the vorticity
will rotate air-parcel pairs from the regions of maxi-
mum instantaneous dilatation and contraction rates.
Consequently, expressions for what we term the asymp-
totic dilatation and contraction rates are derived in sec-
tion 3. The directions associated with the asymptotic
dilatation and contraction rates are called the asymp-
totic dilatation and contraction axes, respectively.
Where the asymptotic contraction rate is positive, the
asymptotic dilatation axis represents the orientation of
the instantaneous processes acting to create an air-
stream boundary. In addition, the asymptotic dilatation
rate is related to the instantaneous local Lyapunov ex-
ponent. These derivations yield an intriguing expres-

<0, (1)
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sion for what we term the fluid-trapping diagnostic.
This diagnostic is a measure of whether adjacent air
parcels approach each other, separate from each other,
or are trapped together in an eddy. Such a diagnostic
can be used to assess whether the flow is characterized
by straining or eddies. In a straining-dominated flow,
adjacent air parcels approach or separate from each
other. In contrast, in an eddy-dominated flow, the sepa-
ration vector between adjacent air parcels oscillates in
length and rotates, trapping the fluid inside the eddies.
The fluid-trapping diagnostic has wider applications to
turbulence, chaos, and predictability (e.g., McWilliams
1984; Benzi et al. 1988; Pierrehumbert and Yang 1993).
The utility of these expressions is illustrated in section
4 by their application to an idealized, nondivergent flow
resembling an extratropical cyclone in a diffluent jet-
exit region, where regions of large asymptotic contrac-
tion rate correspond to airstream boundaries. The ar-
ticle concludes in section 5 with a summary and some
possible applications of these kinematic expressions to
observed atmospheric flows. Appendix A is a list of
symbols found in this paper. A derivation of the instan-
taneous local Lyapunov exponent discussed in section 3
is presented in appendix B.

2. Instantaneous dilatation and contraction rates

Consider two fluid parcels separated by a vector dis-
tance &r(z), the infinitesimal vector analog to r(¢) in (1).
Owing to gradients of fluid motion within the flow, the
velocity of the two parcels may be different, leading to
a change in their vector separation dr(z). If 8r(¢) changes
quickly, trajectories of the fluid parcels would be highly
dependent on their initial positions. Such sensitive de-
pendence of parcel trajectories on their initial positions
is characteristic of chaotic flow and has implications for
the predictability of the flow.

To simplify analysis and interpretation, only horizon-
tal motions are considered. To represent the time de-
pendence of the separation in two dimensions between
these two fluid parcels, the separation vector for a small
period of time 6r(¢) is written in terms of a growth rate
o and rotation rate w:

or(t) = or(0) exp[(o + iw)t], 2)

where the real and imaginary parts of &r(¢) can be
viewed as components of a vector (8x, dy):

or(t) = 8x + idy. 3)

Written in this way, the magnitude of the separation
vector would increase exponentially with time at a rate
o, and the separation vector would rotate with an an-
gular frequency w, positive for counterclockwise rota-
tions.

These expressions can be solved for o and w, result-
ing in the growth rate and rotation rate of the separa-
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tion vector throughout the flow for small times. From
(3), the rate of change of the separation vector is

d(dr) d(dx)  d(3y)
a4t ' ar

A Taylor expansion over a small time period, retaining
only the linear terms, yields

d(dr) <au ou

5 5 as ava 4
dt 6xx ayy i ot Y )

This is equivalent to the linear strain rate of a fluid
element in each direction (e.g., Kundu 1990, 54-55).
Doswell (1984) showed that the neighborhood of a
point within which neglect of higher-order terms is
valid is approximately one-tenth the horizontal scaling
length.

Substituting (2) and (3) into (4) results in

+ iw)(d6x + idy) = 8u8 +au8
(o+ iw)(ox + idy) = | 3o 8c + 200y

Jv Jdv
+l<—8x+—8y>

The expression has two parts, a real part and an imagi-
nary part, resulting in two independent equations:

ou ou
adx — wdy =£5x +$8y,

v Jv
08y+a)8x——8x+—y'6y

Substituting éx = |dr| cos¢ and &y = |or| sin¢, where ¢
is the orientation of the parcel pair, yields

ou v au
o = ——COSs ¢+—ysmq’>+

v\ |
pw ay pw sin¢ coso,

v ou N v Ju
w =~ cos 2 3y sin’¢ oy ox sing cosao.
Using trigonometric relationships, these expressions
can be simplified to

1
o=3 (Eg, sin2d + E  cos2¢ + D), (5a)

w= %(ESh cos2¢p — E sin2¢ + {), (5b)
where divergence D = du/dx + dv/dy, relative vorticity
{ = dlox — duldy (hereafter referred to as vorticity),
stretching deformation E, = du/dx — dv/dy, and shear-
ing deformation Ey, = du/dy + dv/ox.

In general, at each point in the flow, an orientation s,
exists for which the growth rate o is largest, and an
orientation . exists for which the growth rate is small-
est. These maximum and minimum values of o occur
where

COHEN AND SCHULTZ

1355

do B do
dé bd=dy dd

Solving the above equation leads to the following rela-
tionship:

v Ju Ju  Jdv
tan2iys, = tan2ys, = ™ —+ 5 e 5

= E /E,. (6)

The orientation s, corresponds to the axis of dilatation,
the orientation of maximum growth rate. The value of
this maximum growth rate o|y_,, is termed d, the in-
stantaneous dilatation rate. The other orientation . cor-
responds to the axis of contraction, the orientation at
which the growth rate is a minimum. Correspondingly,
the instantaneous contraction rate c is defined as the
negative of the minimum growth rate (i.e., the maxi-
mum decay rate — ol,_,, ). The instantaneous contrac-
tion rate c is the instantaneous analog to the average
contraction rate C in (1). Note that the two solutions to
(6) must be orthogonal (i.e., ¢. = , + 7/2), because
tan2¢ = tan2(¢ + 7/2). Thus, one orientation can be
obtained via

=0.
b=,

1 E
- —1 sh
Y= tan ( Eﬁ), (7)
and the other orientation can be obtained by adding /2
to (7).

To rewrite the expressions for the growth and rota-
tion rates (5a) and (5b) in terms of ¢ (i.e., Y, and i5,),
(6) can be expressed as

sin2yy = = EL/E,
cos2y = £EL/E,

where the resultant deformation E = (EZ + E2,)"?, and
the two signs on the right-hand side correspond to the
two values of . As can be shown by taking the second
derivative of o with respect to ¢, the positive value
corresponds to s, and the negative value corresponds
to Y. Using these expressions in (5a) and (5b), the
deformation terms Eg, and Eg, which depend on the
coordinate system, are replaced by the preferred Gal-
ilean-invariant resultant deformation E (hereafter, re-
ferred to simply as deformation):

1
o=5 (£ E sin2¢rsin2¢ = E cos2ys cos2¢d + D),

1
w=3 (£ E sin2ys cos2¢p + E cos2ys sin2¢ + {).
Employing trigonometric identities yields

o= %[iE cos2(y — ¢) + D], (8a)

1
w=3 [£E sin2(y — ¢) + ]. (8b)
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It can be shown that o in (8a) equals the negative of the
partial derivative along an arbitrarily chosen direction
of the projection of vector wind velocity onto the same
direction. A similar relationship appears in the expres-
sions for the frontogenesis function, as discussed later
in section 2b.

When ¢ = ¢, = ¢, implying that, for parcel pairs
situated along the axes of dilatation or contraction, vor-
ticity is the only process by which rotation of these
parcel pairs occurs. In addition, when ¢ = i, o is either
a maximum or minimum with the values:

*E+ D
Olos = =5 ©)

respectively. The right-hand side of (9) is maximum
when the sign is positive and minimum when the sign is
negative, in agreement with the meaning identified ear-
lier. Because the instantaneous dilatation rate is de-
fined as the maximum growth rate d, and the instanta-
neous contraction rate is defined as the negative of the
minimum growth rate c,

E+ D
d=0lyy,=—5— (10a)
and
E—-D
c= —0'|¢:d,c = 5 (10b)

To simplify notation, the expressions in (8a) and (8b)
for o and w, respectively, can be written in terms of i,

o= %[E cos2(y, — ¢) + D], (11a)

1
=3 [E sin2(y, — ¢) + £]. (11b)
The maximum counterclockwise (positive) or clockwise
(negative) rotation rate occurs 45° between the axes of
dilatation and contraction. Using (11b), these maxi-
mum and minimum rotation rates, {1, and {)_, can be
determined:

+E+¢
2

This equation shows that deformation increases the
maximum rotation rate of the parcel pair over that due
to vorticity alone. Likewise, deformation decreases the
minimum rotation rate of the parcel pair over that due
to vorticity alone.

Q. =

(12)

a. Examples

To illustrate these expressions for some idealized
flow patterns, consider a flow field:

B N u N u
U=u, axx ayy

1
=5 (ug + Dx + Egy + Ex — 0y), (13a)
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_ N Juv N Ju
v=1, axx ayy

1
=5 (vp + Dy + Egx — Eyy + {x), (13b)

where (u, v,) represents a uniform translation. Here,
we assume that the derivatives of the wind field, as well
as ugy, vy, D, Ey, Eg, and ¢, are constant in space and
time, following the assumptions from the Taylor expan-
sion in (4). Similar idealized flow structures were illus-
trated in Petterssen (1936; 1940, chapter 5; 1956, section
2.7). Figure 1la shows the above flow field with a pure
uniform deformation E: E, = E (uy=vy = Eg, = D =
{=0).

The frontogenetic aspects of this flow were first dis-
cussed by Bergeron (1928). Both the instantaneous di-
latation and contraction rates are uniform over the do-
main and are equal to £/2 by (10a) and (10b), respec-
tively. Because of the linear nature of the flow in (13a)
and (13b), ¢, and . have the same orientation at every
point in the flow, although this is not the case in non-
linear flows. The axes of dilatation and contraction are
always perpendicular to each other in this, and every,
flow (e.g., Fig. 1). When divergence equal and opposite
to the deformation is added to the flow (Fig. 1b),c = E
and d = 0, such that the flow is characterized by pure
contraction and no dilatation. The airstream bound-
aries in the two flows in Fig. 1 are oriented east—west,
parallel to the axis of dilatation.

b. Relationship to accumulation and the vector
frontogenesis function

Because o and o reflect the instantaneous motion of
any parcel pair (i.e., changes in the magnitude and ori-
entation of the corresponding separation vector), the
time tendency of conserved passive tracers can be di-
agnosed using these expressions. For example, given a
conserved quantity Q,

o
v01="2.

where V =i d/ox + j d/dy, and ér = |ér|, the distance
separating two parcels oriented along the gradient. The
time tendency of the magnitude of the gradient can be
written

diVo| d (80
dt dt (5)
d|vo| 8Q d(dr)
a (o) dt (14)
From (2),
6r = 8r(0) exp(T |+ mal)s
or

1 d(sr)

Tlonwn = 5 g
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FI1G. 1. Idealized wind fields given by (13a) and (13b) in the text. Here, { = 0. Solid lines indicate the axes of dilatation (¢s,) and
contraction (¢.). (a) Pure stretching deformation: £, = E; uy, = vy = Eg, = D = 0. (b) As in (a), except D = —E.

where

00/dx
B aQ/ay>

is the local orientation of a line of constant Q and is
perpendicular to the orientation of the separation vec-
tor ¢ (i.e., ¢ = m + 7/2). This expression for o repre-
sents the linear strain rate in the direction of the gra-
dient. Thus, (14) can be written

nztan1<

ANy
dt = _|VQ|O-|(L:7]+7T/2‘

Substituting (11a) yields

dIVo| 1
= — = |VOI[E cos2(y, — m — 7/2) + D].
dt 2
DEfining B = llld -

d|Vo|
dt

= %|VQ|(E cos2B — D). (15)

This expression is termed accumulation A(Q) (e.g.,
Saucier 1955, 363-373). For example, if Q is the poten-
tial temperature 6, (15) becomes

d
A(60) = 2 1V0l,

which is equivalent to the Petterssen (1936) frontogen-
esis function F. As shown by (2.3a) and (2.10a) in Key-
ser et al. (1988), F'is related to expressions for the scalar
frontogenesis function F,, of the vector frontogenesis:

F

n

_ 4 %

F,=- %lVel(E cos2B — D). (16a)
Similarly, by multiplying | V6| by the rotation rate o|,—,,
(i.e., the rotation rate valid for a parcel pair oriented
along the isentrope or, more simply, the rotation rate of
the isentrope) in (11b), the expression for the rotational
component F; of the vector frontogenesis function,
(2.10b) in Keyser et al. (1988), can be derived:

F, = % [VO|(E sin2B + ). (16b)
As discussed in more detail by Keyser et al. (1988), the
expression for F, is equal and opposite to the
Lagrangian frontogenesis function F developed by Pet-
terssen (1936). Equation (16a) expresses the result that,
if the angle between the axis of dilatation and the isen-
trope is less than 45°, deformation is frontogenetical.
Convergence is frontogenetical irrespective of the ori-
entation of the isentropes. Diagnosis of F,, for a given
flow field indicates the forcing for vertical motion on
the frontal scale.

Equation (16b), on the other hand, expresses a mea-
sure of the rotation of the isentropes, where positive
values of F; imply cyclonic rotation. For example, if the
axis of dilatation is oriented between 0° and 90° coun-
terclockwise of the isentropes, the thermal gradient ro-
tates counterclockwise. In the Northern Hemisphere,
cyclonic vorticity results in the counterclockwise rota-
tion of the thermal gradient, whereas anticyclonic vor-
ticity results in the clockwise rotation of the thermal
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gradient, both irrespective of the orientation of the
isentropes. Diagnosis of F, for a given flow field indi-
cates the forcing for vertical motion on the scale of the
baroclinic wave. Keyser et al. (1988) also showed the
relationship between the vector form of the fronto-
genesis function and the Q vector (Hoskins et al. 1978).
Barnes and Colman (1993, 1994), for example, have
applied these concepts to observed weather events.

To summarize this section, relationships were devel-
oped based on the rate of change of the separation
vector, the infinitesimal vector connecting two adjacent
air parcels. The instantaneous dilatation and contrac-
tion rates d and ¢ were introduced, and their relation-
ship to axes of dilatation and contraction, i, and s,
respectively, were detailed. The maximum and mini-
mum rotation rates for adjacent air parcels, ), and Q_,
respectively, were presented. The intimate relationship
between the growth rate of the separation vector o and
scalar frontogenesis function F,, and the rotation rate
of the separation vector w and the rotational compo-
nent of the vector frontogenesis function F;, was dem-
onstrated. In addition, all the above expressions are
written in terms of Galilean invariant quantities, imply-
ing that these expressions are not dependent on a par-
ticular reference frame. This framework identifies the
strength and orientation of airstream boundaries in
flows with deformation and divergence. When vorticity
is present, however, more general expressions to diag-
nose the airstream boundaries may be required. These
are developed in the next section.

3. Asymptotic dilatation and contraction rates

Consider the Petterssen (1936) frontogenesis func-
tion F. The frontogenesis function quantitatively as-
sesses the instantaneous processes that lead to a chang-
ing magnitude of the horizontal potential temperature
gradient from the perspective of an air parcel. In other
words, the Petterssen (1936) frontogenesis function is a
kinematic Lagrangian expression: the existence of a re-
gion of positive I does not necessarily imply that a front
eventually forms in that area. Because Petterssen
(1936) frontogenesis is an instantaneous Lagrangian di-
agnostic, air parcels must travel within regions of large
frontogenesis to experience the prolonged effects of
frontogenesis. As noted by Hoskins and West (1979, p.
1674), Hoskins (1982, p. 146), Xu (1988, p. 1234), and
Rotunno et al. (1994, p. 3373), the formation of a front
occurs where air parcels reside in a region of positive
Petterssen (1936) frontogenesis for a sufficiently long
time. Doswell (1984) showed that, although vorticity
could not contribute directly to Petterssen (1936) fron-
togenesis, it could rotate the isotherms into a position in
the flow that was more favorable frontogenetically.

The diagnostics in the last section are very much
analogous to these aspects of frontogenesis. Although
Yy, and ¢, represent the orientations of maximum
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growth and decay, respectively, of the separation vector
between adjacent parcels, in general, parcels oriented
along these axes experience such rates of growth and
decay (d and c, respectively) instantaneously only.
These diagnostics cannot express the long-term forma-
tion and evolution of airstream boundaries, much as
Petterssen (1936) frontogenesis cannot express the
long-term formation and evolution of fronts. The goal
of this section is to derive expressions to describe the
long-term behavior of air-parcel pairs.

Consider a flow with pure deformation (Fig. 1a) or a
flow with deformation and divergence (Fig. 1b). As was
shown in section 2a, the axis of dilatation and the air-
stream boundary have the same orientation in such
flows. If a parcel pair is oriented along the axis of di-
latation, it experiences the largest instantaneous dilata-
tion rate for that location instantaneously. When vor-
ticity is present, however, parcel pairs cannot stay in
that orientation, as discussed in regard to (8b); in other
words, vorticity rotates the air-parcel pair away from
the axis of dilatation. In a similar way, the axis along
which the strongest deformation occurs (axis of dilata-
tion) is not the same axis along which the air parcels
experience long-term separation. It follows that the axis
of dilatation may not be the axis along which the air-
stream boundary forms, as is shown for fronts in which
the axis of dilatation forms an acute angle with the front
(Keyser et al. 1988; Bishop 1996; Schultz 2004).

Because rotation is responsible for moving air-parcel
pairs out of alignment with the axes of dilatation and
contraction, the instantaneous contraction rate reflects
a long-term growth rate only if the air-parcel pair is
aligned with an axis of zero rotation. Consequently,
(8b) is solved when @ = 0:

(= *Esin2(y — y), (17)

where ¢ has been replaced with x, the orientation of the
axis of nonrotation. In order for a unique axis of non-
rotation to exist, (17) states that £ = |{|. When E = |{],
the two solutions to (17) are

1. (¢
Xd=1lfd+§sm l<E>,

1
-]

where x, and yx, are called the asymptotic dilatation axis
and asymptotic contraction axis, respectively. These
correspond to the axis of outflow and axis of inflow,
respectively, of Petterssen (1936; 1940, 252-256; 1956,
p- 38). When |{| > E, there is no solution where o = 0,
and no asymptotic dilatation or contraction axes exist.
When ¢ = 0, ¢ = x, and the axis of dilatation and axis
of contraction are equal to the asymptotic dilatation
axis and asymptotic contraction axis, respectively (e.g.,
section 2a).
Equation (17) can be rewritten

(18a)

(18b)




































